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Measures the difference between the flat spacetime and the given one in a coordinate-invariant way

Tensorial object, may be defined in many ways

Plays a crucial role in GR and differential geometry
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Measures the difference between the flat spacetime and the given one in a coordinate-invariant way

Tensorial object, may be defined in many ways

Plays a crucial role in GR and differential geometry

How can we distinguish a flat geometry from non-flat one?

parallel transport is path dependent in a curved one!

A

B

Vμ

Distinguishes flat spacetimes in non-Cartesian coordinates from other spacetimes

Riemann curvature tensor
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2-dimensional sphere transport over a loop

Idea: consider parallel transport over an infinitesimal loop
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Parallel transport around a loop: fix  at Vμ
0 , Xμ, Yμ x0

xμ(σ) = xμ
0 + Xμ σ σ from 0 to Δσ

xμ(σ) = xμ
0 + Xμ Δσ + Yμ ρ ρ from 0 to Δρ
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0 + Yμ ρ ρ from Δρ to 0
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αβ,γ − Γμ
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−ΔρThis is actually a tensor
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Riemann’s curvature tensor: (curvature tensor, Riemann tensor or the Riemann)
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Vμ
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0 = Δρ Δσ (Γμ
αβ,γ − Γμ

αγ,β + Γμ
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−ΔρThis is actually a tensor

Rμ
ναβ = ∂αΓμ

νβ − ∂βΓμ
να + Γμ

σα Γσ
νβ − Γμ

σβ Γσ
να

Riemann’s curvature tensor: (curvature tensor, Riemann tensor or the Riemann)

If  on an open set, then there exist (local) coordinates such that Rμ
ναβ = 0 gμν = const

If  on an open set, then there the parallel transport is locally independent of pathRμ
ναβ = 0
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βν − ∂νΓα
βμ

In locally flat coordinates , Γμ
αβ = 0 ∂μgαβ = 0

Riemann tensor in locally flat coordinates
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Rα
βμν = ∂μΓα

βν − ∂νΓα
βμ

In locally flat coordinates , Γμ
αβ = 0 ∂μgαβ = 0

Riemann tensor in locally flat coordinates

∂αΓμ
νβ =

1
2

gμσ (∂α∂νgβσ + ∂α∂βgνσ − ∂α∂σgνβ)

Γμ
αβ =

1
2

gμν (∂βgνα + ∂αgνβ − ∂νgαβ) ∂Γ =
1
2

g−1 (∂2g + ∂2g − ∂2g) +
1
2

∂g−1 (∂g + ∂g − ∂g)
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Rα
βμν = ∂μΓα

βν − ∂νΓα
βμ

Rα
βμν =

1
2

gασ (∂β∂μgσν − ∂β∂νgσμ + ∂σ∂νgβμ − ∂σ∂μgβν)

Rαβμν =
1
2 (∂β∂μgαν − ∂β∂νgαμ + ∂α∂νgβμ − ∂α∂μgβν)

In locally flat coordinates , Γμ
αβ = 0 ∂μgαβ = 0

Riemann tensor in locally flat coordinates

∂αΓμ
νβ =

1
2

gμσ (∂α∂νgβσ + ∂α∂βgνσ − ∂α∂σgνβ)

Γμ
αβ =

1
2

gμν (∂βgνα + ∂αgνβ − ∂νgαβ) ∂Γ =
1
2

g−1 (∂2g + ∂2g − ∂2g) +
1
2

∂g−1 (∂g + ∂g − ∂g)
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Rαβμν = − Rαβνμ

Rαβμν =
1
2 (∂β∂μgαν − ∂β∂νgαμ + ∂α∂νgβμ − ∂α∂μgβν)

Properties of the Riemann

Rαβμν = − Rβαμν

Rαβμν = Rμναβ

Rαβμν + Rαμνβ + Rανβμ = 0 ⟺ Rα[βμν] = 0

All easy to prove in a locally flat frame.

But they are all tensorial, so valid in any coordinates.

A[αβγ] =
1
6 (Aαβγ + Aβγα + Aγαβ − Aαγβ − Aβαγ − Aγβα)

20 independent components in dimension 4
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Commutation of covariant derivatives

scalar
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∇μ ∇ν f − ∇ν ∇μ f = 0

Commutation of covariant derivatives

scalar

∇μ ∇ν Xα − ∇ν ∇μXα = Rα
βμν Xβ vector

∇μ ∇νκα − ∇ν ∇μκα = − Rβ
αμν κβ co-vector
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∇μ ∇ν f − ∇ν ∇μ f = 0

Commutation of covariant derivatives

general tensor:
∇α ∇βTμν…

κλ… − ∇β ∇αTμν…
κλ… = Rμ

σαβ Tσν…
κλ… + Rν

σαβ Tμσ…
κλ… + ⋯

−Rσ
καβ Tμν…

σλ… − Rσ
λαβ Tμν…

κσ… − ⋯

scalar

∇μ ∇ν Xα − ∇ν ∇μXα = Rα
βμν Xβ vector

∇μ ∇νκα − ∇ν ∇μκα = − Rβ
αμν κβ co-vector
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R = ∂Γ − ∂Γ + Γ Γ − Γ Γ

Bianchi identities

∂R = ∂2Γ − ∂2Γ + ∂Γ Γ + Γ ∂Γ − ∂Γ Γ − Γ ∂Γ

∂R = ∂2Γ − ∂2Γin locally flat coordinates
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1
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1
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1
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R = ∂Γ − ∂Γ + Γ Γ − Γ Γ

Bianchi identities

∂R = ∂2Γ − ∂2Γ + ∂Γ Γ + Γ ∂Γ − ∂Γ Γ − Γ ∂Γ

∂R = ∂2Γ − ∂2Γin locally flat coordinates

Γ =
1
2

g−1 (∂g + ∂g − ∂g)

∂Γ =
1
2

g−1 (∂2g + ∂2g − ∂2g) +
1
2

∂g−1 (∂g + ∂g − ∂g)

∂2Γ =
1
2

g−1 (∂3g + ∂3g − ∂3g) + ∂g−1 (∂2g + ∂2g − ∂2g) +
1
2

∂2g−1 (∂g + ∂g − ∂g)

in locally flat coordinates ∂2Γ =
1
2

g−1 (∂3g + ∂3g − ∂3g)

∂σRαβμν =
1
2 (∂σ∂β∂μgαν − ∂σ∂β∂νgαμ + ∂σ∂α∂νgβμ − ∂σ∂α∂μgβν)

⟹ ∇σ Rαβμν + ∇μRαβνσ + ∇νRαβσμ = 0∂σRαβμν + ∂μRαβνσ + ∂νRαβσμ = 0
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Contractions of the Riemann tensor

Rμ
μ = R

Ricci tensorRμ
βμν ≡ Rβν

Ricci scalar
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Contractions of the Riemann tensor

Rμ
μ = R

Ricci tensorRμ
βμν ≡ Rβν

Ricci scalar

Properties

Rμν = Rνμ

∇μRμ
ν =

1
2

R,ν
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Contractions of the Riemann tensor

Rμ
μ = R

Ricci tensorRμ
βμν ≡ Rβν

Ricci scalar

Properties

Rμν = Rνμ

∇μRμ
ν =

1
2

R,ν

Other contractions of the Riemann

0 = Rβ
βμν = Rμν

β
β

Rαβ = − Rμ
αβμ = − Rα

μ
μβ = Rα

μ
βμ
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End of lecture 6


