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Tensors

Describe physical quantities of more complicated geometric character 

Used extensively in quantum information theory

Permittivity tensor

Stress tensor 

Known in non-relativistic physics (continuous media) 

Moment of inertia tensor

…

Fundamental objects in GR and SR

most important fields/quantities are tensorial

tensors combine various 3D quantities into a single 4D object
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ẽ3

Geometric objects are defined by their transformation laws under the change of frames

Scalars

Number defined at a point

Frame-independent

s → s̃ = s

{eμ} → {ẽμ}, ẽμ = (Λ−1)ν
μ eν

X
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𝒪

e0

e1

e2
e3

ẽ0

ẽ1
ẽ2

ẽ3

Geometric objects are defined by their transformation laws under the change of frames

Scalars

Number defined at a point

Frame-independent

s → s̃ = s

{eμ} → {ẽμ}, ẽμ = (Λ−1)ν
μ eν

X

Vectors
X = Xμ eμ

X = X̃μ ẽμ = X̃μ (Λ−1)σ
μ

Xσ

eσ

{eμ} → {ẽμ}, ẽμ = (Λ−1)ν
μ eν

Xμ → X̃μ = Λμ
ν Xν

Intuition: displacements, velocities…
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Co-vector = linear function of vectors, yielding scalars
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Co-vectors / one-forms

Co-vector = linear function of vectors, yielding scalars

ξ(X) = ξμ Xμ ξμ := ξ(eμ)

⟹ ξ̃μ = ξ(ẽμ) = (Λ−1)ν
μ

ξ(eν)

{eμ} → {ẽμ}, ẽμ = (Λ−1)ν
μ eν

ξν → ξ̃ν = (Λ−1)μ
ν ξμ

e0

e1

e2
e3

ẽ0

ẽ1
ẽ2

ẽ3 𝒪
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vector
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Co-vectors / one-forms

Co-vector = linear function of vectors, yielding scalars

ξ(X) = ξμ Xμ ξμ := ξ(eμ)

Intuition: gradient of a function df
dλ

=
∂f

∂xμ

dxμ

dλ

Xμξμ

function  f(xμ)

curve  xμ(λ)

⟹ ξ̃μ = ξ(ẽμ) = (Λ−1)ν
μ

ξ(eν)

{eμ} → {ẽμ}, ẽμ = (Λ−1)ν
μ eν

ξν → ξ̃ν = (Λ−1)μ
ν ξμ

e0

e1

e2
e3

ẽ0

ẽ1
ẽ2

ẽ3 𝒪
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Co-vectors / one-forms

Dual basis of co-vectors

ωα(eβ) = δα
β

 - basis of vectors{eμ}

define :ω0, ω1, ω2, ω3

= {1 if α = β
0 if α ≠ β

basis index, not component!

 - basis of co-vectors, dual to  {ωμ} {eμ}

ξ = ξμ ωμ ⟹ ξ(X) = ξμ Xμ
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Co-vectors / one-forms

Dual basis of co-vectors

ωα(eβ) = δα
β

 - basis of vectors{eμ}

define :ω0, ω1, ω2, ω3

= {1 if α = β
0 if α ≠ β

basis index, not component!

 - basis of co-vectors, dual to  {ωμ} {eμ}

Vector - co-vector duality

ξ(X) = ξμ Xμ

Vector = linear function of co-vectors, yielding scalars

X

co-vector

scalar (number)

ξ = ξμ ωμ ⟹ ξ(X) = ξμ Xμ
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Tensors
Tensor = multi-linear function of 

vectors and co-vectors, yielding scalars

(k
l)

T(X, Y, ξ, μ, …) # co-vectors

# vectors

T

. . .

vectors co-vectors

scalar (number)

valence
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Tensors
Tensor = multi-linear function of 

vectors and co-vectors, yielding scalars

(k
l)

T(X, Y, ξ, μ, …) # co-vectors

# vectors

T

. . .

vectors co-vectors

scalar (number)

valence

{eμ} → {ẽμ}, ẽμ = (Λ−1)ν
μ eν

T γδ…
αβ → T̃ γδ…

αβ = T γ̄δ̄…
ᾱβ̄ (Λ−1)ᾱ

α (Λ−1)β̄
β

Λγ
γ̄ Λδ

δ̄ …

T(X, Y, ξ, μ, …) = T γδ…
αβ Xα Yβ ξγ μδ…

T γδ…
αβ := T(eα, eβ, ωγ, ωδ, …)

Pick {eμ} (and thus also ){ωμ}
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Tensors
Tensor = multi-linear function of 

vectors and co-vectors, yielding scalars

(k
l)

T(X, Y, ξ, μ, …) # co-vectors

# vectors

T

. . .

vectors co-vectors

scalar (number)

valence

{eμ} → {ẽμ}, ẽμ = (Λ−1)ν
μ eν

T γδ…
αβ → T̃ γδ…

αβ = T γ̄δ̄…
ᾱβ̄ (Λ−1)ᾱ

α (Λ−1)β̄
β

Λγ
γ̄ Λδ

δ̄ …

T(X, Y, ξ, μ, …) = T γδ…
αβ Xα Yβ ξγ μδ…

T γδ…
αβ := T(eα, eβ, ωγ, ωδ, …)

Pick {eμ} (and thus also ){ωμ}

particular examples:

(0
0) - scalar f

(1
0) - vector Xμ (0

1) - co-vector ξμ
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frame / basistensor 
(abstract object)

components 
(representation)

{eμ} {ων} T αβ…
μν
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T

. . .

frame / basistensor 
(abstract object)

components 
(representation)

{eμ} {ων} T αβ…
μν

T ᾱβ̄…
μ̄ν̄

{ẽμ̄}{ω̃ν̄}

{ ̂eμ′ }{ω̂ν′ } T α′ β′ …
μ′ ν′ 

. . . . . .
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T

. . .

frame / basistensor 
(abstract object)

components 
(representation)

{eμ} {ων} T αβ…
μν

Λμ′ 
ν̄ (Λ−1)μ̄

ν′ 

Λμ̄
μ Λν̄

ν⋯(Λ−1)μ
ν̄Λμ̄

ν

Λμ′ 
μ̄ Λν′ 

ν̄⋯

T ᾱβ̄…
μ̄ν̄

{ẽμ̄}{ω̃ν̄}

{ ̂eμ′ }{ω̂ν′ } T α′ β′ …
μ′ ν′ 

. . . . . .
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Making new tensors from tensors (in a frame/basis independent way)

linear combinations

Tα
βγμ = c1 Aα

βγμ + c2 Bα
βγμ (k

l), (k
l) ⟶ (k

l)
permuting indices

S α
μ γβ = Tα

βγμ (k
l) ⟶ (k

l)
tensor product

Sμ
ναβ = Tμ

ν Qαβ (k1

l1), (k2

l2) ⟶ (k1 + k2

l1 + l2 )
contraction

Uβμ = Tα
βαμ = T0

β0μ + T1
β1μ + T2

β2μ + T3
β3μ (k

l) ⟶ (k − 1
l − 1)
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Index permutation symmetries

T(X, Y ) = T(Y, X)

Tensor symmetric in 2 indices

Tαβ = Tβα

Tαβ = − Tβα

Tensor anti-symmetric (skew-symmetric) in 2 indices

T(X, Y ) = − T(Y, X)

More complicated multi-index symmetries also possible
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Special tensor:

1unit tensor δμ
ν = {1 if α = β

0 if α ≠ β has the same components in all frames

δμ
ν Xν = Xμ δμ

ν ξμ = ξν
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Special tensor:

1unit tensor δμ
ν = {1 if α = β

0 if α ≠ β has the same components in all frames

δμ
ν Xν = Xμ δμ

ν ξμ = ξν

Metric tensor:

scalar product  is bi-linearX ⋅ Y  it is a -tensor called the metric tensor ⟹ (0
2) g

X ⋅ Y = g(X, Y ) = gμν Xμ Yν

gμν = gνμSymmetric tensor

In an inertial frame gμν = ημν ≡

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
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gμν gνα = δμ
α

inverse 
matrix to  gνα
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Define the inverse metric tensor

gμν gνα = δμ
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inverse 
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Inertial frame: gμν =
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=: Xν - vectorXμ Xμ gμν
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35

Define the inverse metric tensor

gμν gνα = δμ
α

inverse 
matrix to  gνα

Inertial frame: gμν =

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=: Xν

ξμ gμν - co-vectorξμ

 - vectorXμ Xμ gμν

=: ξν

Duality:

Xμ gμν = Xα gαμ gμν = Xα δν
α = Xν

ξμ gμν = ξα gαμ gμν = ξα δα
ν = ξν
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36

Remarks

We can use any of metric’s indices

Xμ = Xα gμα = Xα gαμ ξμ = ξβ gμβ = ξβ gβμ

Co-vectors have their product too!

ξ ⋅ ζ = ξμ ζν gμν = ξμ ζν gμν

New notation for scalar product of vectors

X ⋅ Y = Xμ Yμ = Xμ Yμ

This works for tensors too:

Tμσα… = gνσ Tμ
ν
α…

Tρν
α… = gρμ Tμ

ν
α…

(k
l) ⟶ (k − 1

l + 1)
(k

l) ⟶ (k + 1
l − 1)

T

. . .

gμν gμν

scalar (number)

vectorsco-vectors
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Remarks

We can now trace over any pair of indices

Tβ
β = Tαβ gαβ

Sμ
ν
αβ

Tαβ

Sμ
ν
α

μ = Sμ
ν
αβ gμβ (k

l) ⟶ (k − 2
l )

(k
l) ⟶ ( k

l − 2)



Index raising and lowering

37

Remarks

We can now trace over any pair of indices

Tβ
β = Tαβ gαβ

Sμ
ν
αβ

End of lecture 2

Tαβ

Sμ
ν
α

μ = Sμ
ν
αβ gμβ (k

l) ⟶ (k − 2
l )

(k
l) ⟶ ( k

l − 2)


