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Generating gravitational waves Assumptions

• vacuum outside the source’s world-tube

• slow motions within the source

Tμν(t + Δt, ⃗x ) ≈ Tμν(t, ⃗x )

for Δt ≈ ϵ

• GW measured form far from the source

| ⃗x | ≫
2π
ω

Warning: not a good approximation for coalescing binaries 
(most interesting astrophysical sources nowadays!)

• size of the source much smaller than 
wavelength

ϵ ≪
2π
ω

Tμν = 0

Tμν ≠ 0

source

ϵ

h̄μν(t, xi)

• gravitational binding energy negligible
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Gravitational waves
Generating gravitational waves Quadrupole formula

Tμν = 0

Tμν ≠ 0

source

ϵ

h̄μν(t, xi)

where

ℐkl = ∫ d3x (xk xl −
1
3

xi xi δkl) T 00(t, xi)

• reduced quadrupole moment

• transverse projection operator

Pi
j( ⃗x ) = δi

j − | ⃗x |−2 (xi xj)

⋅ (Pk
i Pl

j −
1
2

Pkl Pij)

hTT
ij (t, ⃗x ) =

2G
| ⃗x | ( d2

dt2
ℐkl(t − | ⃗x | )) ⋅

• projection to the TT tensor

Pk
i Pl

j −
1
2

Pkl Pij
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Gravitational waves
Generating gravitational waves Emitted energy

Tμν = 0

Tμν ≠ 0

source

ϵ

h̄μν(t, xi)

Combining the quadrupole formula with the 
energy flux integrated over a large sphere 
yields the total power

⋅ (Pk
i Pl

j −
1
2

Pkl Pij)

hTT
ij (t, ⃗x ) =

2G
| ⃗x | ( d2

dt2
ℐkl(t − | ⃗x | )) ⋅

P = ∫r=R
sin θ dθ dϕ (F+ + F×)

F

P = −
G
5 ⟨

d3ℐij

dt3

d3ℐij

dt3 ⟩
Radiating systems lose energy!

r2
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Gravitational waves

Simplest possible source: 2 heavy point masses revolving 
around the barycenter

Sources of gravitational waves
O

m1
m2a

m1 r1 = m2 r2

a = r1 + r2

r1 =
m2 a

m1 + m2
r2 =

m1 a
m1 + m2

⃗x 1(t) = r1 (
cos Ωt
sin Ωt

0 ) ⃗x 1(t) = − r2 (
cos Ωt
sin Ωt

0 )

Applying trigonometric identities…

Iij = μa2
cos2 Ωt cos Ωt sin Ωt 0

cos Ωt sin Ωt sin2 Ωt 0
0 0 0

ℐij = μa2

cos2 Ωt − 1
3 cos Ωt sin Ωt 0

cos Ωt sin Ωt sin2 Ωt − 1
3 0

0 0 − 1
3

μ =
m1 m2

m1 + m2
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Gravitational waves
Sources of gravitational waves

O

m1
m2a

ℐij =
μa2

2

cos 2Ωt + 1
3 sin 2Ωt 0

sin 2Ωt −cos 2Ωt + 1
3 0

0 0 − 2
3

Applying the quadrupole formula

h̄TT
ij = −

4Gμ
r

a2Ω2

cos 2Ωt + 1
3 sin 2Ωt 0

sin 2Ωt −cos 2Ωt + 1
3 0

0 0 − 2
3

TT

0

re-introducing the speed of light…

hij ≈
4Gμ a2Ω2

r c4
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Gravitational waves
Sources of gravitational waves

O

m1
m2a

ℐij =
μa2

2

cos 2Ωt + 1
3 sin 2Ωt 0

sin 2Ωt −cos 2Ωt + 1
3 0

0 0 − 2
3

Applying the quadrupole formula

h̄TT
ij = −

4Gμ
r

a2Ω2

cos 2Ωt + 1
3 sin 2Ωt 0

sin 2Ωt −cos 2Ωt + 1
3 0

0 0 − 2
3

TT

0

re-introducing the speed of light…

hij ≈
4Gμ a2Ω2

r c4

Lab sources

μ = 103 kg a = 1 m

Ω = 1 rad s−1

hij ≈ 10−41 ( 1m
r )
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Astrophysical sources

O
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m2ahij ≈

4Gμ a2Ω2

r c4

Ω = (G (m1 + m2))1/2 a−3/2for a circular Keplerian orbit
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Gravitational waves
Astrophysical sources

O

m1
m2ahij ≈

4Gμ a2Ω2

r c4

Ω = (G (m1 + m2))1/2 a−3/2for a circular Keplerian orbit

hij ≈
4G2m1m2

a r c4

hij ≈
4Gμ
r c4

Ω2/3 (G(m1 + m2))2/3

m1 ≈ m2 ≈ μ ≈ M

hij ≈
(GM)5/3 Ω2/3

c4 r

hij ≈ 10−21 ( M
2M⊙ )

5/3

( 1h
P )

2/3

( 1kpc
r )

Binary white dwarfs

Binary neutron stars

hij ≈ 10−22 ( M
2.8M⊙ )

5/3

( 0.01s
P )

2/3

( 100Mpc
r )
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Gravitational waves
Total power of the source (luminosity)

O

m1
m2a

L =
32G μ2 a4 Ω6

5c5

L = − P =
G

5c5 ⟨ ···ℐij
···ℐij⟩

for a circular Keplerian orbit

L =
32
5

μc2 Ω ( Gμ3/7M4/7
tot Ω

c3 )
7/3

m1 ≈ m2 ≈ μ ≈ M

L ≈ Mc2Ω ( GMΩ
c3 )

7/3

=
c5

G ( GMΩ
c3 )

10/3

„natural” unit of 
luminosity in GR 
3.63 ⋅ 1052 W

L ≈ 200W

Hulse-Taylor binary pulsar

Earth-Sun Jupiter-Sun

L ≈ 5.2 kW

m1 = 1.441 M⊙ m2 = 1.387 M⊙

a = 1.9 ⋅ 106 km P = 7.75 hr

L = 6.6 ⋅ 1023 W

but , so e = 0.617 L ≈ 7 ⋅ 1024 W

leads to an observable decrease of the orbital 
period

dP
dt

= − 7.2 ⋅ 10−15 s yr−1
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Gravitational waves
Detectors: interferometers

Earth-based detectors 

LIGO (USA), VIRGO (Italy), GEO600 (Germany), 
TAMA300 (Japan)

Sources: coalescing compact binaries NS-NS, 
BH-NS, BH-BH systems

Many detections (around 100?) since the first one in 2015

Frequencies:  (advanced LIGO)10 Hz − 10 kHz
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Gravitational waves
Detectors: pulsar timing arrays

Similar physical principle: variations 
of TOA of electromagnetic waves

Distances much larger than wavelengths

GW stochastic background = additional 
source of noise in TOA’s,

GW background signal exhibits characteristic correlation pattern 
between pulsars, depending on their angular separation

Evidence for signal (2023): NANOGrav, EPTA, PPTA, InPTA, ChPTA.

Frequency band: 1 − 10 nHz ≈ 0.1 − 1 yr−1
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Gravitational waves
Remarks

No monopole gravitational waves, only quadrupole  radial oscillations do not produce GW⟹

Unlike EM waves, GW hardly interact with matter at all  no attenuation or scattering⟹

Wavelengths large wrt the size of the sources  sources cannot be resolved, waves effects 
may not be negligible. Frequencies: acoustic or lower 

⟹

Interferometers detect directly the strain , not the energy flux , and , h F h ≈ r−1 F ≈ r−2

 increase of sensitivity of a detector leads to much larger increase of volume 
of the Universe covered for a given type of source than for EM telescopes
⟹

Interferometers require waveforms for template matching to beat the small S/N ratio 
problem. Obtained by solving Einstein equations on a super-computer for a binary system 
(numerical relativity)

Sources highly coherent - we may integrate the signal over many periods 

End of Lecture 9
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Schwarzschild solution

First exact solution found (1916, Karl Schwarzschild)

Discovery of important relativistic effects

Represents the gravitational field outside a spherically symmetric massive body 
without spin…

…or black hole without spin

Theory of black holes started from analysing this solution

Assumptions

Spherically symmetric

Vacuum, i.e. Rμν = 0

Static = stationary (not changing with time ) + time reversal symmetry t t → − t
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Schwarzschild solution

Exact definitions: see

• Misner, Thorne, Wheeler „Gravitation” Ch. 23

• S. Carroll „Spacetime and Geometry: An Introduction to General Relativity” Ch. 5.2 

Spherically symmetric + static

gS = r2(dθ2 + sin2 θ dϕ2)

2-sphere of radius r

3-space made of spheres, with  as the radial coordinater

g3 = grr(r) dr2 + r2(dθ2 + sin2 θ dϕ2)

g = gtt(r) dt2 + grr(r) dr2 + r2(dθ2 + sin2 θ dϕ2)

static (i.e. metric with time reversal symmetry )  t → − t

stationary (time-independent) spacetime made of such 3-spaces

g = gtt(r) dt2 + grr(r) dr2 + r2(dθ2 + sin2 θ dϕ2) + 2gtr(r) dt dr
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Schwarzschild solution

g = − e2α(r) dt2 + e2β(r) dr2 + r2(dθ2 + sin2 θ dϕ2)

Vacuum Einstein equations

Ricci tensor  Rμν = 0

Rtt = e2(α(r)−β(r)) (α′ ′ (r) + α′ (r)2 − α′ (r) β′ (r) +
2
r

α′ (r)) = 0

Rrr = − α′ ′ (r) − α′ (r)2 + α′ (r) β′ (r) +
2
r

β′ (r) = 0

Rθθ = e−2β(r) (r(β′ (r) − α′ (r)) − 1) + 1 = 0

Rϕϕ = sin2 θ Rθθ = 0
not an independent 

equation

Combine  and Rtt Rrr

0 = e2(β(r)−α(r)) Rtt + Rrr =
2
r (α′ (r) + β′ (r)) ⟹ α(r) = − β(r) + C
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g = − e−2β(r)+2C dt2 + e2β(r) dr2 + r2(dθ2 + sin2 θ dϕ2)

Vacuum Einstein equations

Re-adjusting the time coordinate

t → t̃ = eC t

g = − e−2β(r) dt̃ 2 + e2β(r) dr2 + r2(dθ2 + sin2 θ dϕ2)

⟹ α(r) = − β(r) …dropping the tilde from  from now on.t̃

Imposing Rθθ = 0

e2α(r) (2r α′ (r) + 1) = 1 ⟺
d
dr (r e2α(r)) = 1
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Schwarzschild solution

g = − e−2β(r)+2C dt2 + e2β(r) dr2 + r2(dθ2 + sin2 θ dϕ2)

Vacuum Einstein equations

Re-adjusting the time coordinate

t → t̃ = eC t

g = − e−2β(r) dt̃ 2 + e2β(r) dr2 + r2(dθ2 + sin2 θ dϕ2)

⟹ α(r) = − β(r) …dropping the tilde from  from now on.t̃

Imposing Rθθ = 0

e2α(r) (2r α′ (r) + 1) = 1 ⟺
d
dr (r e2α(r)) = 1

e2α(r) = 1 −
Rs

r
 (Schwarzschild radius) is a constant of the dimension of lengthRS
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Schwarzschild solution

g = − (1 −
RS

r ) dt2 + (1 −
RS

r )
−1

dr2 + r2(dθ2 + sin2 θ dϕ2)

Schwarzschild metric
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Schwarzschild solution

g = − (1 −
RS

r ) dt2 + (1 −
RS

r )
−1

dr2 + r2(dθ2 + sin2 θ dϕ2)

Schwarzschild metric

• Satisfies all Einstein vacuum equations Rμν = 0
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Schwarzschild solution

g = − (1 −
RS

r ) dt2 + (1 −
RS

r )
−1

dr2 + r2(dθ2 + sin2 θ dϕ2)

Schwarzschild metric

• Satisfies all Einstein vacuum equations Rμν = 0

• 4 independent Killing vectors

Tμ =

1
0
0
0

Φμ
x =

0
0

cos ϕ
−cot θ sin ϕ

Φμ
y =

0
0

−sin ϕ
−cot θ cos ϕ

Φμ
z =

0
0
0
1
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• singularities at  and r = 0 r = RS
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Schwarzschild solution

g = − (1 −
RS

r ) dt2 + (1 −
RS

r )
−1

dr2 + r2(dθ2 + sin2 θ dϕ2)

Schwarzschild metric

• Satisfies all Einstein vacuum equations Rμν = 0

• For  we have r → ∞ g → g0 = − dt2 + dr2 + r2(dθ2 + sin2 θ dϕ2)

Far away from the center the metric appears to be very close to a flat one

Minkowski metric in 
spherical coordinates

asymptotic flatness

• 4 independent Killing vectors

Tμ =

1
0
0
0

Φμ
x =

0
0

cos ϕ
−cot θ sin ϕ

Φμ
y =

0
0

−sin ϕ
−cot θ cos ϕ

Φμ
z =

0
0
0
1

• singularities at  and r = 0 r = RS


